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ORGANISATION AND PROCEDURES

For full details, see the Members’ Area

« Maths Games papers are to be conducted under test conditions.

DO DO NOT

+ Supervise students at all times. * Print the papers prior to the scheduled

¢ Maintain silence. date.

. Provide blank working paper. + Read the questions aloud to the students.

. * Interpret th ions for nts.
+ Collect, mark and retain the papers. terpret the questions for students

* Permitany discussion or movementaround
the room.

¢ Permit the use of calculators or other
electronic devices.

+ Papers should be scored by the PICO using the Solutions and Answers sheet provided.

* Original student answer sheets should be retained by the PICO until the end of the
year.

ABSENT STUDENTS

+ Astudentwho is legitimately absent on the date of the Maths Games paper, may sit
the paper on their return to school.

+ If an absent student does not sit the paper on their return to school they should be
marked as ‘absent’.

* Note: This policy differs from the Maths Olympiads Absent Student Policy which has
additional requirements.
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Suggested Time: 30 Minutes. Calculators NOT Permitted.

3A.

What is the value of 123 x 26 + 76 x 26 + 199 x 74?

3B.

Consider the two fractions:

n+1
n+2

n

— and

N+ wherenis a positive integer.

Which fraction has the larger value?

3C.

Three commercial knitting machines take 5 hours to produce 75 pairs
of socks.

How long will it take two of these machines to produce 100 pairs of
socks?

3D.

Alex, Bianca, Sofia and Taylor are 10, 11, 12, and 13 years old, but not
necessarily in that order.

Exactly one of the following four statements is false:
1. Taylor is more than one year older than Bianca.
2. Sofia is one year older than Alex.

3. Bianca is two years older than Alex.

4. Sofia is two years older than Bianca.

Who is the youngest?

3E.

12 is a multiple of 4.

10 is a multiple of 5.

20 is a multiple of 4, and also a multiple of 5.

What fraction of two-digit numbers are multiples of 4, 5, or both?

Write your
answers in
the boxes on
the back.

H
Keep your
answers
hidden by
folding
backwards
on this line.
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3A.

Student Name:

3B.

3C.

"Uapp1y siamsup inoA daay ‘aiay pjo4

3D.

3E.
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Solutions and Answers
(Items in parentheses are not required)

n+1

3A: 19900 3B: ]

3C: 10 (hrs)

3D: Bianca

3E:

uin

3A. Whatis the value of 123 x 26 + 76 x 26 + 199 x 74?

Strategy 1: Solve a Simpler Related Problem

We can use area diagrams to represent
* 123 x 26,

* 76 %26, and 123

76

26 123 x 26

* 199 x74.

26| 76 x 26

199

74

199 x 74

combined to form a single rectangle that is
* (123 +76) =199 units long, and

Since both 123 x 26 and 76 x 26 have the same width, they can be

199

e 26 units wide. 26 123 x 26

76 x 26

199

74

199 x 74

Both 199 x 26 and 199 x 74 have the same length.

* 199 units long, and
* (26 +74) =100 units wide.

They can be combined to form a single rectangle that is

(123 +76) x 26 + 199 x 74 =199 x (26 + 74) = 199 x 100.

199

123 x 26

76 x 26

100

199 x 74

To find the value of 199 x 100, we can take
advantage of our decimal place value system.

To multiply a number by 10, we would move all of
the digits up by one place value.

To multiply a number by 100, we would move all of
the digits up by two place values.

So0000L

S000L

199 x 1:

199 x 10:

—

199 x 100:

()

| |[=]S00L

ol|w|wv|solL
olo|w|s]

123 x 26
+76 x 26
+199 x 74
=199 x 100
=19900.

Strategy 2: Use a Written Algorithm

To find the value of
123 x 26 +76 x 26 + 199 x 74,
we can perform each x

123
26

76

19

multiplication separately.
123 x26 +76 x 26 + 199 x 74

738
2460

456
1520

1393

79

1 2 2
3198
1976
+14726

=3198 + 1976 + 14726
=19900.

3198

1976

1472

ojlo ol ©

19900

Follow-Up: What is the value of 199 x 123 - 123 x 23 - 76 x 232 [ 199 x (123 - 23) =199 x 100 = 19900 ]
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3B.

Which fraction has the larger value: % or

n+l 5
n+2 °

Strategy 1: Solve a Simpler Related Problem, and Find a Pattern

Suppose n = 1. The question To check this idea, we can try Suppose n = 4.
would then be: the question with n = 2.
Which is larger: % or %? Which is larger: % or %? Which is larger: =, or %?
1 2 2 3 5
2 3 3 2 3
2 1
We can see that 3 > R Here, we see that % > % We can see that % >

n+1 n+1

In each case we can see that, of the two fractions % and 33, p3z hasthelarger value.

Strategy 2: Solve a Simpler Related Problem (Alternative Approach)

. n
We can rewrite n+i @s follows:

h _n+t1 1
n+1 ~—n+1 = n+1

1

=1-ha-

. . .. h+1
Likewise, we can rewrite ;5 as:

n+l n+2 1

n+2 ~“n+2 - n+2

_q_ 1

n+2:

In each case, we are removing a unit fraction from the whole (1).

We can represent the quantity being removed diagrammatically:

As the
denominator
increases,
the size of
the fraction
decreases.

N|—=
W=
Bl=

1 1 1 1
Comparing n+1 and n+2, n+2 is smaller. The removal of n+2

reduces the value by a lesser amount.

n+1 . han -
n+2 is greaterthan 35

Strategy 3: Draw a Diagram

We can begin by creating equivalent
fractions with the same denominator.
n__  nn+2)
n+1 = {n+1)(n+2) @nd

n+1 _ (n+1)(n+1)
n+2 = (n+1)(n+2)*

To compare these fractions, we could
just compare n(n+2) and (n+1)(n+1).

Using area n n 1 | Wecansee that the
diagrams to area of (n+1)(n+1)
represent nl n2 nl n2 |n| | exceeds the area of
n(n+2) and n(n+2) by 1 square
(n+1)(n+1): 1 n 1M1 n |1 unit.
Ln The larger value is
n(n+2) (n+1)(n+1) | (n+1)(n+1) _ n+1

(n+1)(n+2) = n+2*

Follow-Up: Suppose n is negative. Which is greater: n(n +2)or (n+1)(n+1)2 [(n+1)(n+1)]
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3C. How many hours will it take two of these machines to produce 100 pairs of socks?

Strategy 1: Solve a Simpler Related Problem

If 3 machines take 5 hours to produce 75 pairs of socks,

DS

SEDED

SSDED

SSEED

| DEDED

DA

DDA

DDA

ASDAD

DS

DS

DA

DD

SSDESD

DS

DS

DA

DS

SIS

SIS

| SEADD

So, in 1 hour, 1 machine will produce 25 + 5 =5 pairs of socks.

DA

| SADES

In 1 hour, 2 machines will produce 2 x 5 =10 pairs of socks.

For those 2 machines to produce 100 pairs of socks,

it will take 100 + 1

0 =10 hours.

Strategy 2: Solve a Simpler Related Problem (Alternative Approach)

From Strategy 1, 1 machine will take 5 hours to produce 75 + 3 = 25 pairs of socks.
DS | B | SIS | SIS | DS

2 machines will take 5 hours to produce 2 x 25 = 50 pairs of socks.

DS

DA

ST

SIS

SIS

SOEDD

SAEDE

SAEDE

SAIDD

SAEDD

If 2 machines take 5 hours to produce 50 pairs of socks, then we just need to run those 2 machines for
another 5 hours to get the total pairs up to 100.

It will take 5+ 5 =10 hours for 2 machines to produce 100 pairs of socks.

Follow-Up: How many machines would need to be operating to produce 80 pairs of socks in 3 hours? [ 6. It is not possible to have a
fractional machine. ]
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3D. Who is the youngest, if we know that exactly one

of the given statements is false? 1. Taylor is more than one year older than Bianca.

2. Sofia is one year older than Alex.
3. Bianca is two years older than Alex.
4. Sofia is two years older than Bianca.

Strategy: Eliminate All But One Possibility

Scenario 1: Statement 1 is false; all other statements are true.

2. Sofia is one year older than Alex.

Alex Sofia
. . I I | | |
3. Bianca is two years older than Alex. Alex Sae Sernee
4. Sofia is two years older than Bianca. — This is impossible.
Scenario 2: Statement 2 is false; all other statements are true.
) ) ] ] ] ] ]
1. Taylor is more than one year older than Bianca. Bianca Taylor? Taylor?

— This is impossible; there would be at least

3. Bianca is two years older than Alex. 4 years between Alex and Taylor.

Scenario 3: Statement 3 is false; all other statements are true.

| | | | |
Bianca Taylor? Taylor?

1. Taylor is more than one year older than Bianca.

| | | | |
Bianca Alex Sofia Taylor

2. Sofia is one year older than Alex.

4. Sofia is two years older than Bianca. —> This statement works for the above

scenario.
3. "Bianca is two years older than Alex" is a FALSE —— In the above scenario, Bianca is NOT two
statement. years older than Alex.

Scenario 4: Statement 4 is false; all other statements are true.

1. Taylor is more than one year older than Bianca.

Bianca Taylor? Taylor?
2. Sofia i Ider than Al ' ' ' ; :
. Sofia is one year older than Alex. Bianca Alex Sofia Taylor
3. Bianca is two years older than Alex. — This is impossible.

It must be the case that Statement 3 is false.

According to Scenario 3, where we assumed that Statement 3 is false, Bianca is the youngest.

Follow-Up: Suppose Statement 1 was "Taylor is one year older than Bianca". One statement is false. Who is the youngest? [ Alex ]
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3E.

What fraction of two-digit numbers are multiples of 4, 5, or both?

Strategy 1: Eliminate All But One Possibility

We are interested in two-digit numbers only.
There are 9 x 10 = 90 two-digit numbers.

To find multiples of 4 we would identify every
4th number starting from 12.

10111213 |14

15116 |17 | 18 | 19

20 |21 (22|23 |24

25126 |27 |28 |29

30313233 |34

35|36 |37 |38 39

40 | 41 |42 |43 | 44

45 | 46 | 47 | 48 | 49

50 | 51 | 52 | 53 | 54

55|56 | 57 | 58 | 59

60 | 61 | 62 | 63 | 64

65 | 66 | 67 | 68 | 69

70 |71 |72 |73 | 74

75176 |77 |78 |79

80 | 81|82 |83]|84

85|86 |87 |88 89

90 | 9192 |93 | 94

95|96 |97 |98 | 99

10 {11 §12]113 | 14

15116 |17 | 18 | 19

2012122 |23]24

2526|2728 29

30 (311323334

351361373839

40 | 41 |42 | 43 | 44

45 | 46 | 47 | 48 ] 49

50 | 51152 |53 |54

55156 |57 | 58|59

60 | 61 | 62 | 63 | 64

65 | 66 | 67 | 68 | 69

70 (71172 |73 | 74

75176177 |78 | 79

80|81 [82|83]84

85|86 |87|88]89

90 |91 192]93 | 9%

95196 |97 |98 | 99

To find multiples of 5 we would identify every
5th number starting from 10.

101 1111213 | 14

15116 |17 [ 18 | 19

2012122 (23|24

25|26 |27]28] 29

3013113213334

353637 ]38 39

40 | 41 |42 | 43 | 44

45 | 46 | 47 | 48 | 49

50 | 51 1 52 153 | 54

55| 56 | 57 | 58 | 59

60 | 61 | 62 | 63 | 64

65 | 66 | 67 | 68 | 69

70| 71 172 | 73 | 74

75176 |77 |78 | 79

80| 81|82 |83]84

85|86 |87 ]88] 89

90 | 91192193 | 94

95|96 |97 |98 | 99

To count the multiples of 4 and 5 in an organised
way, we can (for example) see that there are 4 of
these multiples from 10 to 19 inclusive.

{10]11]12]13[14|15]16]17 |18 19]

Likewise, there are 4 of these multiples from 20

to 29 inclusive.

l20] 21222324 25|26 |27]28] 29|

We can see that there are 4 of these multiples
for every subsequent set of 10 numbers.

. . 4 _2
The fraction is therefore 10 = &

2

Strategy 2: Reason Logically

There are 99 numbers
less than 100.

The nine numbers 1 -
9 have 1 digit only, so
there are 99 - 9 =90
two-digit numbers.

100 =25x4,s0 24
multiples of 4 are less
than 100.

Two of them (4 and 8)
have 1 digit only.

There are 24 -2 =22

two-digit multiples of 4.

100=20x5,s019
multiples of 5 are less
than 100.

One of them (5) has 1
digit only.

Thereare19-1=18
two-digit multiples of 5.

Multiples of 4 and 5
will also be multiples
of 4 x 5 = 20.

There are 4 such values:
20, 40, 60 and 80.

Those 4 values belong
in the overlap region.

Two-digit numbers

CO>

Two-digit numbers

O™

Two-digit numbers

O

Two-digit numbers

gow

There are 18 + 4 + 14 = 36 multiples of 4 and 5, so as a fraction of all two-digit numbers this is g5 =

36

viN

(=)

Follow-Up: What fraction of two-digit numbers are multiples of 4, 5, and/or 6? [ 41/90 ]
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